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AHHOTANMSA

IIpenmet ucciaenoBanusi. IlocrpoeHne acCHMNTOTHUECKUX Pa3jIOKEHUH pEIIeHUil ypaBHEHUI B YAaCTHBIX MPOU3BOAHBIX C
MaJIbIM [TapaMeTPOM CBOIUTCS OOBIYHO K ITOCIIEIOBATEIbHOMY pelIeHHUIO Lenouky 3anad Lltypma—JIlnysumns. UroOwl HaiiTu
HEKOTOPBIN 4leH psAa, HeOOXOAMMO PEIIUTh HEOTHOPOIHYIO KpaeBylo 3a/ady ¢ UCTOYHMKOM Ha ocH IuuHApa. [Ipu stom
COOTBETCTBYIOILAsl OJHOPOAHAS 3aJaya MMEET HEeTpHBUAIbHOE peuieHue. [IoToMy BO3HMKAeT copepKaTelibHbIH BOIPOC O
peanu3yeMOCTH TPEIOKEHHOTo crocoba mocTpoeHus. Hactosimas paboTa MOCBSIIEHa MMOCTPOSHHIO TAKHX ACHMITO-
THYECKUX pasnokeHud. Meroa. [lns 1okazaTenbcTBa HEOOXOJMMOTO YCIOBHS —HCIIONB3YeTCS OOBIYHAS TEXHHUKA
MHTEIPUPOBAHUS BCETO YpaBHEHUS M HUCIOJIb30BAaHUS I'PAaHUYHBIX YCJIOBHUH. J[1s JOKa3aresbecTBa JOCTATOYHOTO YCIIOBHS
CTpOUTCS Tmomxoasias 3aaada Ko (koTopast Bceraa paspeiinma) H aHaTM3upyeTCsl e¢ pelieHre. Mbl nMeeM JIeNo ¢ 00IIHM
ciydaeM (OPMATBbHBIX CTETICHHBIX PSJIOB M HE JIeNIacM MPEANOJIKeHUH 00 ux cxomumocTt. OCHOBHOI pe3yabTat. B padote
JIOKa3aHbl HEOOXOAUMBIE W JOCTaTOYHbIE YCIOBHUS Pa3peliuMOCTH HeomgHopoaHou 3amaun lItypma—JInyBumins mis oGero
ciy4ast OpMaJIbHBIX CTEMICHHBIX psioB. Kak yacTHbIN ciiy4ail 00LIero pesynprara, Imojdy4eHHBIH pe3yabTaT OCTaeTcsl BEpeH,
ecny 3aMeHUTh (opMaibHBIe CTENeHHBIe psAnbl (yHkuusmu. IlpakTHyeckass 3HAYUMOCTB. Pe3ynprar MOXET HaHTH
MPUMEHEHHE IMPHU TOCTPOCHUH PEIICHUH YPAaBHECHHH B YACTHBIX INPOHM3BOAHBIX M OOBIKHOBEHHBIX AW(D(PEepeHINATBHBIX
ypaBHEeHU# B opMme (HOpPMaNbHBIX CTEIICHHBIX PSIOB. Pe3ynbTar sBisercs oOIUM U MPUMEHAM K YaCTHBIM CIy4asM TaKhuX
PAIOB, HAITPUMEP, K ACHMIITOTHYCCKUM PsiIaM WIH QYHKIUAM (CXOSIIIMCS CTCIICHHBIM PsIaM).

KiroueBbie ci10Ba
3amada I1ltypma—JInyBWLIA, ACHMOTOTHYECKOE DA3JIOKCHHWE, CTCHEHHBIC psAAbl, KpaeBas 3aladya, OOBIKHOBEHHBIC
muddepeHIIaIbHbIEe YPaBHEHHUSI.
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Abstract
Subject of Research. Creation of asymptotic expansions for solutions of partial differential equations with small parameter
reduces, usually, to consequent solving of the Sturm-Liouville problems chain. To find some term of the series, the
non-homogeneous Sturm-Liouville problem with the inhomogeneity depending on the previous term needs to be solved. At
the same time, the corresponding homogeneous problem has a non-trivial solution. Hence, the solvability problem occures
for the non-homogeneous Sturm-Liouville problem for functions or formal power series. The paper deals with creation of
such asymptotic expansions. Method. To prove the necessary condition, we use conventional integration technique of the
whole equation and boundary conditions. To prove the sufficient condition, we create an appropriate Cauchy problem (which
is always solvable) and analyze its solution. We deal with the general case of power series and make no hypotheses about the
series convergence. Main Result. Necessary and sufficient conditions of solvability for the non-homogeneous Sturm-
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Liouville problem in general case for formal power series are proved in the paper. As a particular case, the result is valid for
functions instead of formal power series. Practical Relevance. The result is usable at creation of the solutions for partial
differential equation in the form of power series. The result is general and is applicable to particular cases of such solutions,
e.g., to asymptotic series or to functions (convergent power series).
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BBenenue

Teopust LTypma—JInmyBIIIIS MHUPOKO MCIIONB3YETCS B CHEKTpabHOW Teopru. OHa XOpOIIO OMKCaHA BO
MHOTHX KHUTax (cM., Hampumep, [l, 2] u cceuku B Hux). K 3amade Illtypma—JInyBwiuis cBomsaTCs MHOTHE
KBAaHTOBBIC M KJIACCHUYECKHE 3a/1auM, HaPUMEp, 3a/1adl O KBAaHTOBBIX SIMaX, KBAaHTOBBIX rpadax, BOIHOBOAAX H
T.A. [3—5]. OHa oka3bIBaeTCs MOJE3HON U MPH Pa3BUTHH YUCIECHHBIX METOAOB (CM., Hampumep, [6-9]). OTmeTum
0c000 aCHMNTOTHYECKHH IOAXOA B TEOPUM BOJIH, C KOTOPHIM CBA3aHa Hacrosimas pabora. OH mpuMeHseTcs,
KOrga B 3ajade €cTh Malblii IapaMeTp, OOBIYHO BO3HMKAIOIIMI NpH (HU3MYECKOM aHAIM3€ INPOOIEMBI.
CDopMaano aCUMITOTUYECKUM oaAXxoa CBOAMTCA K MOCTPOCHHUIO aCUMIITOTHUYCCKOTO Pa3JIoKEHHA MO CTCIICHAM
yKka3zaHHoro mainoro napamerpa [10-13]. Psax crpoutcs nocnenosatensHo. [Ipy HaxoxaeHNHM O4epeTHOTO WieHa
TpeOyeTcst peuTh HeoHOpoaHyto 3aaauy Ltypma—JInyBuiuis uis opMabHBIX CTETIEHHBIX PSIOB, B KOTOPOM
HEOHOPOJHOCTD 3aBHCUT OT MPEIbIAYIIETO (OJHOTO MIIM HECKOJIbKHX) UjieHa psija (yxe HaijeHHoro). [1pu atom
COOTBETCTBYIOIIasi OFHOPOJHAs 3aJiada MMEeT HEeTPHBHAIBHOE pellieHue. B pesymsrare Bompoc o paspemu-
MOCTH HEOJHOPOJHOW 3a/ladyd CTAHOBUTCS HE IIPOCTO COJEpPIKaTelIbHBIM, HO M UYpPE3BBIYaiHO BaXKHBIM, MO0
OTIpEAEIIET BOZMOXKHOCTh TPOIOIDKEHNUS TOCTpOeH!sL. FIMEHHO Takasi CHUTyalysi BOSHUKAET P MCIIOIb30BAHUH
MPOCTPAaHCTBEHHO-BPEMEHHOT 0 JIydeBoro Merona [14, 15]. B HacTosmiei paboTe T0Ka3bIBalOTCS HEOOXOAMMEIE U
JIOCTAaTOYHBIC YCIIOBHS Pa3pelIMMOCTH HeomHopomHoi 3amaun IlItypma—Jlnysmuia B obmeli cutyanmu. Panee
[t GOPMAaIIBHBIX CTENICHHBIX PAJOB M A HOL00HOM MOCTAaHOBKH 33/1a4ll KPUTEPHs Pa3pEeLIMMOCTH MOITy4CHO
He ObLI0.

OcHoBHas1 TeOpemMa

Teopema. Paccmorpum onHopoaHyto 3aaady Ltypma—JInysusst:

Ly =(p(x)y") —q(x)y =0,

ty=(opy+ay)l., =0, (1)
0y =By +By) -, =0
p(x)>0.
3nece o, B;, j=0,1 — BewecrBennsie unucna; p(x),q(x) — ¢opmanbubie crenenHsie psasl (PCP).

Omneparopsl Ly, £,y , ¢,y onpenenensl popmynoi (1). g(x) — BemecTBeHHas QyHKIMS.
ITycts cymectByer pemenue B Buge OCP y, #0. Torma Heobxomumoe M OCTATOYHOE YCIOBHE
cymectBoBarus pemieHus B Bune ©CP veogropomHoit 3amaun [typma—JInyBums
Ly=-F,
Loy =4,
l,y=B,
TaKOBO:
B A Y
L e Y [ PG () @
1 1
3necy F(x), A, B — ®CP.
3ameuanue. UtoObl M30ekaTh HESICHOCTEW, OTMETHM ellle pa3, 4To (opMajbHbIC CTEHNEHHBIE PSIbI
paccMaTpUBAKOTCA HE MO X, a TI0 HEKOTOPOMY MaJloMy MapaMeTpy, Kod(Q(UIMEHTHI 3THX PsAIOB MOTYT 3aBHCETh
or x. IIpu stom ycnoBue p(x)>0 o3Ha4aeT, yro (GOopMaIbHBIA CTENEHHOH PAR U1 p(X) HPU HYIEBOM
3HAUEHUH MaJIoro Mapamerpa pasiiokeHus: He oOpamiaercst B 0, T.e. COIepXKUT HETPUBUAJIBHBIN WIEH C HYJIEBON
CTEIECHBIO MAJIOTO MapaMeTpa.
Joxa3zarenscTBo. HeoOxoqumMocTs.

(p(x)y") —q(x)y =-F. (©)
JloMHOXXUM ypaBHeHUe (3) Ha ), ¥ IPOMHTETPUPYEM IO X OT X, JO X,. 3aMETUM, YTO MBI UCCIEAYEM
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@®CP, T.e. CXOOMMOCTh HE paccMaTpuBacTCs. B CBA3M ¢ 3TUM MX MOXHO BCErZa MOYICHHO MHTETPHUPOBATH H
i depeHnInpoBaTh 0e3 AOMONTHUTENBHBIX YCIOBUH. B pe3ynsrare nomydaem:

Torma

Te. Y

[y =ay)vods = [ oy vode = [ "qyvodr = py'yy 11 =[ " py'vidx = [ " quy,di =
-0 -0 -0 -0 -0

. . “
=y [} =pyiy 18+ "oy e = [ qyvyd.
-0 -0
[ToncraBum B (4) rpaHUYHBIC YCIIOBUSI:
, o
Mo (xo) = __Oyo (x())7
(x‘l
, A o
Y'(xy) = === p(x,),
1 (x‘l
’ — BO
yo(x1) _yo(xl)a (5)
By
, B B,
y'(n) =—===y(x). (6
I
X "n' _ B BO
'[*0 (") —qy)y,dx = p(xl)B_yo (x)— p(xl)B_Wo (x)-
1 1
A %y Bo
=p(x))— ¥ (x0) + p(x))— 3, (%) + p(x) == ¥ (X)) — (7
o o By
o 5 yor B A
_p(xo)_oyoy(xo) + J‘Aly((pyo) = qy)dx = p(x)— Vo l,o —P(X)— Y ooy -
o o B, ! o 0
C npyToii CTOPOHBIL,
[y =y = =] Py ®)
W3 cpasrenus (7) u (8) moxydaem dpopmyiy (2), T.e. HEOOXOAMMOCTH JOKa3aHa.
JlocTaTouHOCTbD.
[Tyctp y — pemenue 3anaun Komm:
(pw) —qv =-F,
Yy = 4, 9)
\V' |x:x0 = B

3anaua Kommm Becerna pasperuma. CreioBarenbHo, ¥ cymiecTByeT. Ilycte y = y—y, .

(oY) —qv=(pv") —qu—(py;) +qy, = —F,
VIOBJIETBOPSIET HY’)KHOMY ypaBHEHHIO. [IpoBepuM KpaeBbie yciaoBus. JJoMHOXHM TiepBoe ypaBHEHHE B (9)

Ha ), U IPOMHTEIPUPYEM IO X OT X, O X!

T.C.

[ vy = qwvedx = [ (0w vodx = [ quyydr = py'v, 1 =] py'vide— [ " qyy,di =
0 -0 0 0 -0

= (W, =W [} + I;lw((pyé)’ —qy)dx = p((¥'+ ¥y, = vy Y+ ) [ = POy =y L1

J oWy = s = pe)y () 6) = Py ()3 () - (10)

—=p(x0)'(x0) 3, (x0) + P(x0) ¥ (%) ¥ (%,)-
[Moxncrasmnsist rpannunsie yenous (5)—(6) B (10), npuxoxum k popmyre

[V = quirds = p)y (o)) + P 355 -
| (1
=P8 (30 (50) = Pl = (x)y ()

1
C nmpyroit CTOpOHBI,
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.[01 (py") = qy)y,dx = —j};:Fyodxo (12)
[lycTe
B A 5
PO = |y =PE) =2y |y = =] F o)y () (13)
Bl 1 0‘1 0 Xo
Torma u3 (11)—(13) cienyer, uto
B A ,
p(xl)B—yo e ~POR) = Yo limgy = POR)Y () () + p(xl)[;—"yo () y (%) =
1 1

1 (14)
[0}
_p(xo)y'(xo)yo(xo) _p(xo)a_oyo (xo )y(xo)-

1
Yenosue (14) nomKHO OBITH BBIIOIHEHO AJIA JIOOBIX TOUEK X, U X, . 3aduxcupyem x, u OyneMm MEHATb X, .
Tak kak coorHomeHue (14) DOKHO OBITH BBIIOIHEHO BCETJA, TO YaCTU ypPABHEHUs, OTBEYAlOIUE X, H X,
JOJDKHBI OBITH HE3aBHCHMBI IPYT OT JpyTa:

_p(xo)aiyo(xo) = _p(xo)y'(xo)yo(xo) _p(xo)%yo(xo)y(xo)' (15)

1 1

p(xl)Bﬁyo (1) = Py (6 )y () + p(xl)‘;—f’yo () (x,). (16)

1 1
¥,(x,) # 0. lokassiBaercs oT nporusHoro. Ecmu y,(x,) = 0, To U3 kpaeBoro ycjioBus

0y =Bey+By) -y =0

CIIEIyeT, 4T0 |x:xl = 0. 3na4ut, y, — pemenue 3agaun Kommu:

(P(x)y5)' —q(x)y, =0,
Yo leey =0,
Yo iy = 0-
CnenoBarensbHo, ), =0, 4TO MPOTHBOPEUUT NPEANONIOKEHUIO TeopeMbl. [lo ycimosuo p >0, B, #0.

Ionenum o6e yactu (16) Ha p(x,)y,(¥,) U IOMHOXUM Ha [, , HOIYyIUM

B=y"(x)+Boy(x,),
T.€. IOJTYYHIH HyXHOE YCIOBHE IIPU X = X, .
Bepuemcs k cootHommenuro (15):

_p(xo)aiyo(xo) = _p(xo)y'(xo)yo(xo) _p(xo)%yo(xo)y(xo)-

1 1
VuursiBasg, uto p >0, y,(x,) #0 (Dokas3plBaeTcs aHAIOTMYHO V,(x;)), o, #0, HmolydaeM HyxHOE

YCJIOBHE IIPU X = X, :
o,V (x,) + o y(x,) = A.
3akaioueHne

PaccMoTpeH Bompoc 0 pa3peminMocTd HeonHoponHoH 3amaun UItypma—JInyBuiuis, BO3HUKAOLIEH MIPU
MOCTPOCHUHN ACHUMITOTHYECKUX PSAAOB IMPOCTPAHCTBEHHO-BPEMEHHBIM JIyYeBBIM METOIOM. lIpemioxkeHsl H
JIOKa3aHbl HEOOXOMMBIE M JOCTAaTOYHBIE YCIIOBHSl YKAa3aHHOW Pa3pelIMMOCTH JUIs OOIIEH MMOCTaHOBKH 3alladH.
Pesynerar MokeT OBITH HCHONB30BaH Ul TIOCTPOEHHS ACHMITOTHUECKHX Ppa3oKEHHH B Ppa3IMUHBIX
(u3MUeCKIX 3a1adax.
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