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Abstract

This paper considers the problem of carrier frequency estimation from measurements of an amplitude-modulated signal
in the presence of unknown bounded disturbances and a time-varying envelope. Existing identification methods based
on regression transformations usually require a small-disturbance condition, which limits their practical applicability.
The scientific novelty of this work consists in the development of a robust carrier-frequency estimation algorithm
that preserves the regression structure of delay-based signal parameterization and does not require the assumption
of small disturbance magnitude. The proposed method is based on the parameterization of the measured signal using
delayed measurements, which makes it possible to reduce the problem to a linear regression model. To estimate the
unknown parameter, an adaptive algorithm with a saturation nonlinearity is used, limiting the influence of large
regression errors. After estimating the regression parameter, the carrier frequency is reconstructed. The effectiveness
of the proposed method is verified through numerical experiments for amplitude-modulated signals under noise and
impulsive disturbances. A comparison with a normalized gradient algorithm and a power-transformed regression method
is performed. The simulation results demonstrate a faster reduction of the estimation error and improved robustness
of the proposed algorithm. The obtained results show the advantage of the proposed method over existing frequency-
estimation algorithms under strong disturbances. The method can be applied to radio-signal processing, communication
systems, and modulation-recognition algorithms. Future research directions include the development of discrete-time
implementations of the algorithm and its extension to multi-component signals.
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Saturation-enhanced dynamic regressor extension for robust carrier frequency estimation...

AHHOTALMA

Beenenne. PaccmoTpena 3aada OIEHKH 9acTOTHI HECYIIEH 10 M3MEPEHUSIM aMILTUTYTHO-MO/TYTHPOBAHHOTO CHTHANIA
B IIPUCYTCTBUU HEU3BECTHBIX OTPaHUIEHHBIX BO3MYIICHUH U M3MEHsIOmelcs: ornbdatomeil. CymiecTByIONHe METOIbI
HASHTU(HUKAIINY, OCHOBAHHbBIE HA PErPECCHOHHBIX NMPEe0Opa30BaHUsIX, KaK IIPABUIIO, TPEOYIOT BEITOIHEHHUS yCIOBHS
MaJIOCTH BO3MYILIEHHMH, YTO OTpaHUYMBAET UX MpaKTHYeCcKoe MpuMeHeHne. HayuHas HOBH3Ha paOOTHI 3aKIII04aeTCs
B pa3paboTke poOACTHOrO aITrOPUTMa OLIEHKH YaCTOTHI HeCyllel, KOTOPBIH COXpaHseT PEerpecCHOHHYIO CTPYKTYPY
napaMeTpu3aly CUTHajJa Ha OCHOBE 3aJIepXKKU U He TpeOyeT MpearookKEeHNUs O MaJol BeIMYMHE BO3MYIICHHUM.
Mertoa. IIpennosxkeHHbI METO OCHOBAH Ha MapaMeTPHU3alMi U3MEPEHHOTO CUTHATIA C MCTIOIb30BaHUEM 3a/IePsKaHHBIX
U3MEpPEHUM, UTO MO3BOJISET CBECTU 3aJa4y K JUHEHHON perpecCMOHHONW MoJenu. [ OLleHKH HEU3BECTHOTO
TapaMeTpa MPUMEHEH aJaNTUBHEIA alTOPUTM C HEMMHEHHOCTHIO HACBHIIICHNUS, OTPAaHUIHNBAIONIEH BIMSIHUE OONBIINX
omm6ok perpeccur. [loce OneHKH perpecCHOHHOTO MapaMeTpa BBIOIHIETCST BOCCTAHOBICHNE YAaCTOTHI HECyIIeH.
OcHoBHBIE pe3yabTaThl. DPYEKTHBHOCTD MPEICTABICHHOTO METO/IA IPOBEPEHA B YHUCIEHHBIX YKCIEPUMEHTAX
JUIS aMIIATYJHO-MOJYJIUPOBAaHHBIX CUTHAJIOB B yCJIOBHUSX LUIYMOB M MMIYJIbCHBIX Bo3MylleHui. [IposeneHo
CpaBHEHHE C HOPMAJIN30BAaHHBIM TPAMEHTHBIM aJITOPUTMOM M METO/IOM CTEIEHHOTO NMpeoOpa3oBaHUsl PerpecCchu.
Pe3ynbrarhl MOJIETMPOBaHHUS MOKa3aiu 6oJiee OBICTPOE YMEHBIICHUE OIIMOKH OIIEHKH 1 00Jiee BHICOKYIO YCTOIYMBOCTD
npezioxkeHHoro anroput™a. Oocyxaenue. [TomydeHHbIE pe3yabTaThl JEMOHCTPHPYIOT IPEUMYIIIECTBO Pa3pabOTaHHOTO
METO/Ia TI0 CPAaBHEHMIO C CYIIECTBYIOIUMH alTOPUTMAMH OIEHKH YacTOTHI B yCIOBHAX CHUIIBHBIX BO3MYIICHHH.
MeTton MOXET OBITh IPUMEHEH B 3aa9aX 00padOTKN paJHOCHTHAIOB, CHCTEMaX CBA3M M alTOPUTMAaX paclo3HaBaHMS
MOIyISIUH. [IepcrieKTHBHBIMY HANpPaBICHUSIMH JaTbHEHIINX HCCIEI0BAaHUN SIBISIOTCS pa3paboTka JUCKPETHBIX
peanu3anuii aIropuT™Ma U €ro pacllMpeHue Ha cly4ail MHOTOKOMIIOHEHTHBIX CUTHAJIOB.
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Introduction

Carrier frequency estimation remains a central task
in sensing, communications, and control, especially
when measurements contain colored noise, structured
interference, or outliers, and when signal amplitudes vary
over time. Recent work has continued advancing both
spectral estimators (including refined interpolation and
iterative equalization ideas) and model-based adaptive
estimators that operate online and provide stability
guarantees. For example, modern discrete-time Fourier
techniques have been improved through interpolation
strategies and efficient coarse-to-fine refinements [1—
3], while notch-filter-based adaptive schemes remain
attractive for real-time operation [4, 5]. In parallel, adaptive
identification has benefited from the dynamic regressor
extension and mixing methodology and its ongoing
theoretical development, including relaxed convergence
conditions and bias analyses under perturbations [6, 7].
Prescribed-time and finite-time estimation ideas also
continue to grow for sinusoidal parameter identification in
challenging environments [8, 9].

A particularly relevant recent contribution reformulates
the disturbed amplitude-modulated carrier estimation
problem into a linear regression by using delayed versions
of the measured signal and then reduces disturbance impact
through a power-type nonlinear transformation combined
with dynamic regressor extension and mixing [10]. That
approach yields a clear disturbance admissibility bound

ensuring the transformed disturbance remains sufficiently
small (in magnitude) for the subsequent identification
stage. However, practical sensing chains often experience
intermittent saturation, impulsive bursts, or interference
levels that violate such smallness requirements.

The assumption that the modulation envelope is
available is realistic in several engineering scenarios. For
instance, during radio-frequency front-end calibration,
carrier synchronization tests, or laboratory validation of
communication receivers, the amplitude modulation law
is generated by a signal generator or by a digital baseband
unit and is therefore available as a commanded reference,
whereas the actual carrier frequency may still be unknown
due to oscillator drift, Doppler shift, or frequency mismatch
between the transmitter and the receiver. A similar situation
also appears when pilot or training signals with known
amplitude envelopes are used for online carrier recovery.
If the available envelope is measured or is nominal rather
than exact, the resulting bounded envelope mismatch can
be treated as an additional bounded disturbance, which is
consistent with the robust formulation adopted in this paper.
Our method is conceptually aligned with robust innovation
limiting used across estimation and control [11, 12] and is
complementary to learning-based modulation recognition
pipelines that still require reliable front-end frequency
estimates [13, 14]. We provide new lemmas and theorems
establishing boundedness and explicit ultimate error
bounds, and we validate the design via comparisons
against more than two representative prior algorithms: the
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power-transformed regression identification scheme [10];
a classical normalized gradient identifier; a batch spectral
interpolation estimator representative of modern frequency-
domain practice [15].

Problem Formulation

We consider the measured signal [10]

V(1) = Ap(H)sin(oz + @) + deg(f), >0, (1)
where y(#) € R is a measured signal; 4,,(f) > 0 is the
available commanded, calibrated, or independently
measured amplitude envelope; ® > 0 is an unknown
constant carrier angular frequency; ¢ € R is an unknown
constant phase; d¢¢(¢) € R is an unknown bounded effective
disturbance. If the true envelope is A(?) = 4,,(f) + €4(¢), then

W(t) = A(t)sin(wt + @) + 5(%), 2)

where €4(¢) is a bounded envelope mismatch and 8(¢) is
the original additive disturbance. The representation in
(2) shows how the original additive disturbance and the
envelope mismatch are incorporated into the measured
signal model. The effective disturbance is then written as

Oeff(?) = 0(2) + g4(f)sin(wt + @).

Hence, bounded envelope mismatch is absorbed into the
effective disturbance term. The rigorous theoretical analysis
below is established for a constant carrier frequency « and
a constant phase . When the carrier frequency or phase
varies slowly, the proposed estimator may be interpreted
as a robust online tracking algorithm; however, exact
convergence guarantees for rapidly time-varying carrier
dynamics are not claimed in this paper and are left for
future work.

Since the available envelope satisfies 4,,(f) > Amin > 0,
the measured signal may be normalized as

LU
z(t) = A_m( o (3)
Then
. Besi(7)
z)(f) = sin(ot + @) + 8.(1), 8.(f) = A0

Therefore,

8E:ff

0:(0)] = )

min

The normalization formulas (3) and (4) show that
the preliminary division by A4,,(f) does not remove the
disturbance, but only rescales its upper bound. Thus,
normalization is a valid preprocessing step, but it does not
remove the disturbance; it only rescales its effective bound.

Design an online estimator ®(¢) such that all internal
signals of the estimation algorithm remain bounded for all
¢t >0, and the frequency estimation error

o(1) = o) - o )

is uniformly ultimately bounded, i.e., it converges to
a computable neighborhood of zero under explicit
assumptions. The estimation problem is therefore
formulated in terms of the frequency error defined in (5).

Assumptions:

Assumption Al (Available envelope and bounds).
The amplitude envelope A4,,(7) used by the estimator is
available as a commanded, calibrated, or independently
measured signal. It is continuously differentiable and
bounded as

0 <Amin < Am(t) < Amax < 0, (6)

where Apin and Apax are known constants. The bounds in
(6) guarantee that the available envelope is nonzero and
that the normalization in (3) is well-defined.

Assumption A2 (Carrier range). The unknown o lies
in a known interval

® € [Omin, ®max], 0 < Omin < Omax- @)

The carrier-frequency interval in (7) is used later to
guarantee the uniqueness of the inverse mapping from the
regression parameter to the frequency.

Assumption A3 (Bounded disturbance). The effective
disturbance acting on the measured signal is bounded

Befi(£)| < defr, V20, (8

where 8 is known or conservatively upper-bounded.
The term d¢¢(f) may include measurement noise, external
interference, impulsive outliers with bounded amplitude,
and bounded mismatch between the true amplitude
envelope and the envelope available to the estimator. The
disturbance bound in (8) is used in the Lyapunov analysis
of Theorem 1.

Assumption A4 (Delay feasibility). A design delay
d1 > 0 is chosen such that

sin(od)) # 0 for all ® € [®min, Omax]s )

which holds, for example, if [®nind|, ®maxd1] avoids
integer multiples of n. Condition (9) prevents singular
delay choices and is used in Lemma 2.

Define delayed measurements for the constant delays
dy and d> as

yi) =yt —d), yat)=y(t—da) (10)

for t > max{dy, d»}.

Choose dy = 2d;. Following the delay-algebra strategy
used in [10], one can construct signals z(z) and ¢(¢) such
that the measured data satisfy a scalar linear regression

2(6) = (O +A), (11)

where 11 £ 2cos(wd) is an unknown constant parameter;
z(¢) and ¢(¢) are known, computable signals constructed
from y(¢), y1(t), y2(?), and the available envelope A4,,(¢);
A(?) is the induced regression disturbance which depends
on the delayed effective disturbances and possible
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bounded envelope mismatch, but is unknown in value.
Here and below, ¢(¢) denotes the known time-varying
regression signal and should not be confused with ¢ in
(1), which denotes the unknown constant phase of the
carrier signal. These two symbols are intentionally kept
different because they describe different quantities. The
delayed measurements in (10) are used to construct the
scalar regression model in (11).

Define the scalar saturation

p, x>p
sat(x; p) =4 x,  J[<p, (12)
—-p, X < —-p

where p > 0 is a design constant.
Let the instantaneous regression residual be

e(t) = z(t) — d(M(®), (13)

where 7(7) is an estimate of the parameter 1.
We propose the saturation-normalized gradient update

N =y sat(e(?); p), (14)

()
1+ %0
where v > 0 is an adaptation gain.

After estimating 1(?), reconstruct @(¢) via

o(f) = a’l arccos (H(T;(t))) (15)

1

where [](*) is a projection to enforce [[(1) € [-2, 2],
[1(M) = min{2max {-2, 1} }. (16)

Equations (15) and (16) define the complete frequency-
reconstruction stage from the estimated regression
parameter.

Theoretical Analysis

To establish the basic well-posedness of the proposed
adaptive law, we first show that the innovation-limited
update remains uniformly bounded for all admissible values
of the regression residual.

Lemma 1 (Boundedness of innovation-limited

update).
Forall 1> 0,
RS (17)
2
Proof.
By the definition (12), it has
[sat(e(?); p)| < p- (18)
From the update law (14),
ol =7 |22 jsatcer . (19)
1+ () '

Substituting (18) into (19) gives

. ()
<
M@prl+&@. (20)
. ||
We now bound the scalar function g(¢) = e for any
¢ € R. It has 2|¢d| < 1 + ¢2. Hence, for all p € R
|| 1
R 1)
Combine (20) and (21)
A 1 yp
Hi<yp—-—=—. 22
Mol <vw =7 (22)

Inequality (22) coincides with the required estimate in
(17), which proves Lemma 1. [

Next, in order to ensure that the unknown carrier
frequency can be uniquely recovered from the identified
constant parameter 1, we analyze the parameterization in
Lemma 2 below.

Lemma 2 (Local invertibility and uniqueness of ®
from n over a known range).

Suppose Assumption A4 holds. Then the mapping

N(®) = 2cos(wd)) (23)

is one-to-one over ® € [®min, ®max] if the interval length
satisfies

sin(wd;) # 0 for all ® € [Omin, Omax] (24)

(®max — Omin)d] <. (25)

In that case, ® can be uniquely constructed from n
within [®min, Omax]-

Proof.

Since d; is constant, the derivative of (23) exists and
equals

@ (o) = -2d;sin(wd). (26)
do

Combine (24) and (26), it has
dn
— (@) #0 VYo € [Omnin, ®max]- 27)
do

Consider the image interval for the argument of sine:

0 = wd| € [Omind1, ®maxd1]. (28)

The nonzero derivative condition in (27) and the
interval representation in (28) are used to prove that the
mapping ® = 1 is strictly monotone. By (25), so the
interval [®mind1, ®maxd1] has length strictly smaller than 7.
Now note that zeros of sinf occur at 0 = kxt, k € Z. Because
of (24), the interval [®mind1, ®maxd1] contains no point
km. Together with the length condition (25), this implies
the interval cannot cross from a region where sinf > 0 to
a region where sinf < 0. Therefore, there exists a constant
sign s € {+1,—1} such that

s'sin(owd;)) >0 Vo € [®min, Omax]- (29)
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Substituting (29) into the derivative formula (26) shows
dh
that d—n () has a constant nonzero sign on [®min, ®max]-
®
Hence n(o) is strictly monotone on the interval

0] <oy (o)) #N(®), Yor, 0 € [Omin, Omax]. (30)

Assume, for contradiction, that there exist ®; # ®; in
[®min, ®max] such that

n(w1) =n(wy). €1y

Without loss of generality, let ®; < ;. But strict
monotonicity (30) implies n(®;) # n(wz), contradicting
(31). Thus, no such pair can exist, i.e., the map @ = 1 is
one-to-one on [®min, ®max]. Therefore, for each 1 generated
by (23) with ® € [®min, ®max], there is exactly one
® € [®Omin, ®max] satisfying (23).

The following theorem proves global boundedness of
the estimation process and derives an explicit ultimate
bound for the parameter estimation error 7(#) under
bounded disturbance and persistent excitation conditions.

Theorem 1 (Global boundedness and ultimate bound
for 7).

Assume the regression (11) holds with bounded
disturbance |A(?)| < Amax. Consider the proposed update
law with constants y > 0 and p > 0. Then

1. q(?) is globally bounded for all initial conditions;

2. the estimation error N(¢) = f(¢) — 1 is uniformly
ultimately bounded, with an ultimate bound proportional to
min{Amax, p}. In particular, if ¢(7) is persistently exciting
in the standard scalar sense, there exist constants 7> 0 and
p > 0 such that

t+T ¢2(f)
t 1+ %)

Here, 1 is the dummy variable of integration, and ¢2(t)
denotes (¢(1))2, where ¢(t) is the known scalar regression
signal defined in (11). Then N(?) is uniformly ultimately
bounded, and one can bound the ultimate error by an
explicit constant proportional to min{Amax, p}:

dv>y, Vt>0. (32)

: N T .
lim sup|n(t)| < —min{Apax, p}- (33)
t—0 2}1
Proof.
From (11) and the definition of e(¢) in (13)
e(t) = — GOm0 + A). (34)
Also, since 1 is constant, ﬁ(t) = ﬁ(t). Using (14)
N () .
0 =7 gy S5 p) (35)
Define the Lyapunov function
15,
"o = o0 (0. (36)

Differentiating the Lyapunov function defined in (36)
and using (35), we obtain

1
L+ ¢

The saturation sat(-; p) is an odd, nondecreasing
function with slope in [0, 1]. It satisfies the inequality

V() =R@om@ =y d(Om(Dsat(e(®); p). (37)

e(?) sat(e(?); p) = (sat(e(?); p))?, Vi>0. (38)
From (34), it has
dOM(1) = A1) — e(?). (39
Substitute (39) into (37):
. 1
PO =1y (B0~ epsate(; p) =
ADsat(eliy p) _ eDsatlesp)
L+ ¢() 1+ ()
Now apply (38) to the second term
clsaetip) _ (atesol )
1+ () 1+ &)
Thus
P <y MOSIED: ) G0 )

1+ () 1+ %)
From |A(?)| £ Amax and [sat(e(?); p)| < p with V¢ >0,

|A()sat(e(?); )| < Amaxp- (43)

Therefore,

Buasp  (s2t(e(0); p))’
1+ $XH) 1+ d%®)
Inequalities (40)—(44) provide the basic dissipative

estimate for the Lyapunov derivative in the presence
of bounded regression disturbance. In particular, since

1
<1,

L+ %)~

V(n <y (44)

V(t) < YAmaxp- (45)

Inequality (45) shows that the Lyapunov function is
locally absolutely continuous and that the estimator has
no finite escape time under bounded A(¢) and bounded
sat(e(?); p). The uniform ultimate boundedness is then

obtained below under the persistent excitation condition.
Let

. PO
c(f) & o € [0, 1). (46)
From (35) and (39),
() == yeORO + v fgﬂ(t) AO. @)

1
<—and |A(?)| < Amax, it obtains

Using and <
& 2

1+¢?
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$()
R
Moreover, since the limiter enforces [sat(e(?); p)| < p, the

effective “input” cannot exceed p. This means the driving
term is effectively bounded by min{An.x, p}, and we define

Ap £ min{Anax, p}- (49)

<Y Apan. (48)

A() 5

The auxiliary definitions and estimates in (46)—(49)
allow the error dynamics to be written in the scalar
comparison form used below. Therefore, in the regime
consistent with |e(7)| < p = [sat(e(?); p)| < p, we can write
the differential inequality

4 o) <= yelio] + L A, (50)
dt - 2P

Now integrate (50) over any interval [¢, # + T]. Using
Gronwall-type arguments for scalar linear time-varying

systems, one obtains the standard bound

T T
Y Ty [ c(vydt

-y |
e+ D<e

cndr
MOI+=Ap [ e ds.  (51)
2 t
By the persistent excitation condition (32), for all >0,
+T
[ c(r)dr > (52)
t+T !
=y | c(vdt
Hencee ! < e 'K and also
[ HJ‘T c(t)dt T
e ds< [ lds=T. (53)
t t

Substitute (52) and (53) into (51):
- ~ Y
M+ D] < e + 5 ApT. (54)

Iterating (54) over successive intervals of length T
yields a standard linear recursion, implying

Y
AT

lim sup [7(?)] < (55)

t—0 1—e™

Using the inequality 1 — e " >
simpler bound

, we obtain the
1 +vyu

(1 +ywT

. T .
lim sup [{(7)] < » Ap= min{Amax, p}. (56)
I

The estimates (55) and (56) prove the ultimate bound
stated in (33). The ultimate bound in (33) is later used to
derive the practical stability of the reconstructed frequency
estimate.

The following theorem shows that the reconstructed
frequency estimate ®(f) is practically stable and inherits
the bounded-convergence property of ().

Theorem 2 (Practical stability of frequency estimate
®).

Under Assumptions A1-A4 and the conditions of
Theorem 1, the frequency estimation error () = ®(f) — ®

is uniformly ultimately bounded. Moreover, if Lemma 2
uniqueness conditions hold, then there exists ¢ > 0 such
that

lim sup |®(?)| < ¢ lim sup |7 (7)) (57)
—0 —00

Proof.

From (23), o can be reconstructed from n by applying
the inverse cosine on the correct branch. To guarantee that
the argument of arccos(-) stays admissible, introduce the
standard projection onto the feasible set [-2, 2]:

25 <t:> 27
HEe=4¢ (=2, (58)
72! a>729

and define the frequency estimate

oo b (M)
o(t = arccos( 5 ), (59)

1

where the branch of arccos(-) is selected as the unique one
consistent with the known interval [®min, ®max]-
Also define the true relation

1 n
® = —arccos | — (60)
d, 2

again with the same branch implied by ® € [®min, ®max]-
Define the scalar function

1 £
F= 67 arccos (5> (61)
1

Therefore,
@) = ) - of = [FIIN(®)) - F()!. (62)

The reconstruction formula (59), the true relation
(60), and the scalar function (61) are used to rewrite the
frequency estimation error in (62). Hence it is sufficient to
upper-bound (62) by multiplying [II(1 (£)) — 1| by a positive
constant, and then relate [II(7(£)) —n| to [R(£)) — | = M (@)

Differentiate F(&) for & € (-2, 2),

dF 1 d (g) 1 1 1
— (@) =———7arccos| T |=7| ———— |-
d& d, d§ 2/ d ((:)2 2
1-(=2
2

(63)

If £ =n = 2cos(wd)), then
n\2
1- (5> =1 - cos¥(wd) = sin’(wd)). (64)

Thus, for values corresponding to ® € [®min, Omax]»

n 2
1- (5) = [sin(od})|. (65)
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By Lemma 2 condition, the continuous function
|sin(wd)| attains a strictly positive minimum on the
compact interval [®min, ®max]. Define

Isin(wdy)| > 0.

Smin = min
(OS [mmin: mmax]

(66)

Consequently, for all & that belong to the image set
{n(®) =2cos(wd): @ € [Omin, ®max]}, it has

dF
e ©

<

. 67
a 2dlsmin ( )

Relations (63)—(66) provide a uniform bound for
the derivative of F(&), which is used in (67). Consider
the two arguments in (62): & = II(7(¢)) and & = 7.
The both lie in [-2, 2] by construction and because
n = 2cos(wd) € [-2, 2]. Because the correct branch of
arccos(-) is fixed by Lemma 2, F is single-valued and
differentiable on the relevant subset. By the mean value
theorem, there exists £*(¢) between &; and &, such that

dr
(&) - F(&)l = & (SO SRR (68)
Using (67) in (68) gives
o) < @) - . (69)

19 min

The projection TI(-) in (58) is nonexpansive
(1-Lipschitz) on R

I[(a) - TI(b)| <|a — b, Va,b€ER. (70)

Since n € [-2, 2], it follows that II(n) = 1, hence from
(70),

@) -1l = IO@) - T <@ -l =M@l 71
Substitute (71) into (69):
G015 (0] = ol (72)

From Theorem 1, () is uniformly ultimately bounded
under the excitation condition. Taking lim sup on both
sides of (72) yields =0

lim sup |0(?)| < ¢ lim sup N (2)].

t—0 —0

(73)

Inequality (73) proves the practical frequency-error
bound stated in (57). |

Remark. In this paper, stability of the estimator is
understood in the practical Lyapunov sense: all estimation
signals are bounded, while the parameter and frequency
estimation errors are uniformly ultimately bounded in the
presence of bounded disturbances. Therefore, due to the
nonzero disturbance term, exact asymptotic convergence
to zero is not claimed in the general case; instead,
convergence to an explicitly characterized neighborhood
of zero is guaranteed.

Discussion

To evaluate the effectiveness of the proposed saturation-
enhanced regression estimator, numerical simulations were
conducted under conditions representative of disturbed
amplitude-modulated measurements. The simulated
signal follows the model defined in (1), where the carrier
frequency is constant while the signal envelope varies
slowly in time. Specifically, the true carrier frequency is
set to fo = 50 Hz (o = 27fy) and the modulation envelope is
chosen as A(f) = 1 + 0.2sin(27-0.8¢). The delay parameters
used to construct the regression model (11) are d; =5 ms,
d> =10 ms. For the proposed adaptive estimator (14),
the design parameters are selected as y = 0.05, p=0.5.
Three estimation algorithms are compared (using the same
simulated signal and identical initial conditions): Proposed
method; Normalized gradient estimator; Power-transformed
regression estimator.

It should be noted that, when A4,,(¢) is accurately
available and satisfies 4,,(f) > Amin > 0, the measurement
may be preliminarily normalized by 4,,(f). This reduces
the nominal carrier model to the unit-amplitude case.

6eff(l‘)

An?)
whose bound depends on 4,in. Hence, normalization does
not remove the disturbance; it only changes its effective
bound. The proposed saturation-enhanced update remains
applicable to both the original and normalized formulations.

In Fig. 1, the proposed saturation-enhanced estimator
exhibits the fastest convergence, driving the error rapidly
to zero within approximately 0.3 s. The normalized
gradient method converges more slowly, while the power-
transformed regression estimator shows a significantly
longer transient period due to the nonlinear disturbance
attenuation stage. These results confirm the improved
convergence properties predicted by Theorem 1. In Fig. 2,
the proposed method rapidly reconstructs the correct carrier
frequency with minimal transient error and negligible
steady-state deviation. The normalized gradient estimator
also converges to the true frequency but with a longer
settling time. The power-transformed regression estimator
exhibits noticeably slower convergence, illustrating the

Nevertheless, the disturbance is transformed into

0.3

Proposed
Norm-grad
—— Power-transformed

0.2

n()

0.1+

Time, s

Fig. 1. Parameter estimation error N(¢) = \(¢) — 1
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5 1 T T T T T T T
N 49+ .
E: - — fotrue
g Proposed |
ot Norm-grad
g Power-transformed
= 47 i

45 . . : ; : ;

0 1 2 3 4
Time, s
()

Fig. 2. Carrier frequency estimates f = .
T

trade-off introduced by the disturbance transformation
stage. In Fig. 3, the residual represents the mismatch
between the measured signal and the regression model
used for parameter identification. The proposed estimator
suppresses the residual rapidly, demonstrating effective
disturbance attenuation and fast parameter adaptation.
The inset shows a magnified view of the early transient
phase, highlighting the faster decay of the residual for the
proposed method compared with the normalized gradient
and power-transformed approaches.

To further evaluate the robustness of the proposed
method under more realistic conditions, an additional
simulation scenario was considered. In this test, the
measured signal was affected by bounded envelope

eProposcd(t )
eNorm-grad(t) B
ePower-transfonned(t)

Fig. 3. Instantaneous regression residual e(?)

mismatch, slow carrier-frequency drift, bounded phase
perturbation, random noise, high-frequency interference,
and impulsive outliers:

V() = (Am(n) + SA(t))Sin<} o(dt+ ¢ + 8<p(t)> +8(n. (714
0

Equation (74) specifies the realistic test signal used
for Fig. 4, where 4,,(f) = 1 + 0.2s5in(2n-0.8¢) is the
available envelope; €4(¢) is a bounded envelope mismatch;
() = 0o + 2ne?) is a slowly varying carrier angular
frequency; €¢(?) is a bounded phase perturbation. This
test does not change the formal theoretical assumptions
which are established for a constant carrier frequency, but

W
[\

Frequency, Hz
N
(o]

- = = [ruef.(?) E
e Proposed
= Norm-grad -

Power-transformed
1 1 1 1

2 3 4

E O - m
< Proposed ]
4 Norm-grad |
Power-transformed
1 1 1 1 1 1 1
0 1 2 3 4
Time, s

Fig. 4. Realistic scenario with bounded envelope mismatch, slow carrier-frequency drift, bounded phase perturbation, additive noise,
high-frequency interference, and impulsive outliers: carrier frequency estimates (@); frequency tracking errors (b)
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Table. Quantitative comparison under the realistic scenario with bounded envelope mismatch, slow carrier-frequency drift, bounded
phase perturbation, and additive disturbances

Algorithm fﬁnab Hz RMSE MAE Settling time, s
Proposed 49.87174704 0.379713692 0.095564724 0.3685
Norm-gradient 49.77326473 0.649615688 0.228681698 0.6620
Power-transformed 49.40465485 1.081341676 0.656847455 2.7375

it demonstrates the practical robustness of the estimator
when bounded nonidealities are present.

Root Mean Square Error (RMSE) and Mean Absolute
Error (MAE) indices are defined as

RMSE = ﬁ(ef(k))% (75)

1
N, ¥

MAE = ﬁ e (76)

1
N,k

where e/(k) = f(k) — firue(k), ko is the first valid estimation
index after the delay interval; N, = N — ko + 1 is the number
of samples used for evaluation. The performance indices
in (75) and (76) are used to compute the quantitative
comparison reported in Table.

As shown in Fig. 4 and Table, the proposed
saturation-enhanced estimator tracks the slowly varying
carrier frequency more accurately than the normalized
gradient and power-transformed regression estimators.
The proposed method reaches the +0.25 Hz error band
after approximately 0.3685 s, while the normalized
gradient estimator requires approximately 0.6620 s and
the power-transformed estimator requires approximately
2.7375 s. These results support the claim that the proposed
saturation-based adaptation improves robustness under
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